The work concerns least-squares (LS) finite element solutions of the Oldroyd-B viscoelastic fluid flows using adaptive grids. To capture the viscoelastic flow region, adaptive grids are automatically generated on the basis of the von Mises stress from stress component transfer functions, and these generated refined grids agree with the physical flow attributes. Model problems considered are the flow past a slot channel problems. Numerical solutions of the flow pass through a slot channel indicate that the viscoelastic polymer solution flow characteristics are described by the refinement results of the von Mises stress. In additions, adaptive grids using the von Mises stress outperform those using functions of velocity, and satisfactory results are obtained using a lower total numbers of elements. The developed method is effective for analyzing viscoelastic fluid flows. Furthermore, the effects of low Weissenberg numbers are also investigated.
Introduction
The objective of this study is to analyze an adaptive LS approach for the Navier-Stokes equations that govern the flow of viscoelastic fluids by using the Oldroyd-B model [1] ; in contrast to the Newtonian model, the problems are associated with fluid viscosity, elasticity, and memory. To simulate viscoelastic flow problems, it is convenient to split the extra-stress tensor into viscous and elastic parts by changing of variables in the LS formulations [1] , [2] . The LS functional has been reported to offer several theoretical and computational advantages [3] , and also provides a local and inexpensive a posteriori error estimator that may be used to guide adaptive refinement [4] and is perfectly effective and reliable for error control [5] . Therefore, difficulties in solving non-Newtonian flow problems include computational limitations and singularities caused by the high number of unknowns and geometric discontinuities, respectively. To resolve these problems, adaptive LS methods have been extensively used as powerful tools for obtaining more efficient and accurate results [6] - [8] . In [7] , an adaptive refined LS approach (ALS) generated using a velocity magnitude is developed to refine the mesh adaptively for the Carreau generalized Newtonian fluid flows. As affected by stress in the viscoelastic fluid problem, the current motion of the fluid is associated with viscosity and elasticity. Therefore, the method of analysis should include some consideration of stress behavior for viscoelastic fluid flows.
On the basis of these studies, we develop an LS method based on the adaptive mesh using a stress Volume 7, Number 3, July 2017 magnitude to refine the mesh adaptively for the Oldroyd-B model. Note that in structural applications, the von Mises stress is often used as the metric for evaluating design margins [9] . Based on the idea, it is meaningful to use the von Mises stress as a characteristic stress magnitude as a superposition of the polymeric and viscous stresses in viscoelastic fluid flows. To capture the flow region and understand the flow feature, we modify the adaptive mesh algorithm in [7] by using the von Mises stress to refine grid points. To prevent the loss of mass conservation and convergence of numerical schemes when low-order basis functions are used, a LS method involving appropriate mass conservation weights is used in the study. Furthermore, we estimate the coercivity and continuity for the homogeneous LS functional, which involves the sum of the equation residuals measured in the 2 L -norm. The analysis of the linearized viscoelastic fluid using the LS method follows the concept introduced in [1] , [6] . We extend the implementation to simulate the flow through a transverse slot problem using conforming piecewise polynomial elements for all unknowns. We show that adaptive grids using the von Mises stress and the streamlines used in the approach are similar to those in [10] . We also demonstrate that the adaptive LS method agrees with the physical attributes of these models with various parameters, and satisfactory results are obtained using a lower total numbers of elements.
The rest of this paper is organized as follows. Section 2 presents the notation, preliminaries, and coercivity and continuity of the LS functional, and the uniqueness theorem for the LS approximations. Section 3 presents numerical results for the flow past a slot in a channel, and Section 4 offers concluding remarks.
A least-squares finite element method
The Oldroyd-B model is a popular viscoelastic model in polymeric fluid simulations in [1] , and the extra-stress is written as a superposition of the polymeric and viscous stresses, 
where
In (1),  is a relaxation time and p  is the polymeric contribution to the viscosity. Consider the steady-state, incompressible Navier-Stokes problem in a two-dimensional,  , with boundary, collecting
(1), we have the Oldroyd-B model written as  . In the case of =0 We , the model reduces to the Newtonian model, the Navier-Stokes equations.
Let the product space
where we assume 1 =0 u and (7) results in the following replacement rules:
The linearized system of the Oldroyd-B model may now be written as
where we define
The least-squares (LS) functional for (8)- (12) considerations as those in [11] . In [11] , the results indicate that LS solutions can be improved by sufficiently scaling the conservation and constitutive equations. Denote the norm as   Therefore, the coercivity and continuity estimates of the functional J have been established in Theorem 1. The LS minimization problem for the solution of system (8) 
Numerical results
The governing equations are solved on one domain in this section. The domain is the flow of the Oldroyd-B model past a slot in a channel. Our method couples the LS method (13) with the adaptively refined algorithms presented in [7] for the generalized Newtonian fluid flows. In the work, to capture the flow region of the Oldroyd-B model, we employ the adaptive mesh algorithm in [7] , using the grading function of the least-squares solutions such as velocity magnitude as shown in [9] . The LS method with the adaptive algorithm using the grading function of variables.
To further show the capability of the numerical algorithm in the Oldroyd-B model, we apply the method to the flow in a slot channel shown in Figure 1 ; x (the flow direction) varied from 2.5 2.5 x    and the central line of the slot occurred at 0 x  . The boundary conditions include those at the inlet, outlet and wall boundaries. The velocity 0 y  u is specified on the inflow and pressure p is set to zero at the point where the outflow boundary meets the wall. These boundary conditions are also used in [10] . In (8)- (12) We start with the uniform criss-crossed Mesh 1 with 8 partitions per unit length in Figure 1 (a) . Based on the idea in [11] , the mass conservation parameter (6) and that of the element numbers of the mesh on every steps n , respectively. We demonstrate solutions obtained using the ALS-S von and ALS methods by using two adaptive Meshes 3 and 4 generated using v τ and 2 u , respectively. Figure   1 indicates that two adaptive meshes are highly refined near the wall and reentrant corner (Figures 1 (c) and (d). Furthermore, the results reveal that streamlines on Mesh 3 and Mesh 1 are in agreement, and those on Mesh 4 are not adequately smooth enough. The ALS-S von method yields a more enlarged impression than does the ALS method, which reveals that the refinement results are of high quality. Figure 2 shows profiles of (0, ) uy along the centerline obtained using the LS method on Meshes 1 and 2, the ALS-S vo method on Mesh 3, and the ALS method on Mesh 4. The profiles show that the results for Mesh 2 are closer to those for Mesh 3 than those for Mesh 4. In addition, as presented in Figure 1 , when the ALS-S von scheme is used, the number of elements can be reduced from 24576 (Mesh 2) and 10421 (Mesh 4) to 9716 (Mesh3). These results show that the ALS-S von method is more efficient than the LS method. Figure 3 shows streamlines of the ALS-S von solutions for the Oldroyd-B and UCM models with We =0.15, 0.2, and 0.25. Different vortex developing processes can be are observed in the figure. For low We fluids, we also observe that the vortex size increases as We increases, and the vortex moves toward the reentrant corners. These results are consistent with those obtained in [10] . Figure 4 
Conclusion
We present an adaptive mesh refinement strategy in the LS method for the Oldroyd-B and UCM viscoelastic models. The adaptive mesh approach is based on the von Mises stress. We show the adaptive LS method to the slot channel problem and address the physical parameter effects. Results obtained using the ALS-S von method based on the von Mises stress outperform those obtained using a method based on the velocity magnitude, the refinement results of stress are able to capture streamline features for the effects of Weissenberg numbers, and satisfactory results are obtained using a lower total numbers of elements. In the work, we calculate an estimate of effective cost using the number of elements for different meshes. The processing time for different meshes may be considered and will be investigated in future.
